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Abstract
An analytical study of the frequency-temperature

behavior of MEMS AT-cut quartz resonator structures was
performed. The piezoelectric, Lagrangian equations for the
frequency-temperature behavior of quartz were
employed[1]. Two types of resonator structures were stud-
ied: A 1 GHz rectangular plate with rectangular electrodes
and a 1 GHz rectangular ring electrode mesa (REM) plate.
For MEMS resonators, the REM design confers certain
advantages in attaining higher resonant frequencies and
lower electrode noise. 

 I. Introduction
The design of stable resonators is usually done by

engineers with years of experience and experimentation.
There is however not much experience in designing a sta-
ble quartz MEMS thickness shear resonator in the fre-
quency range of 3 GHz because the existing conventional
resonator designs will not work. A 3 GHz resonator will
have an electrode to plate thickness ratio of more than
27%[2]. 

The frequency-temperature behavior of conventional
rectangular plate quartz resonators is well known, however
that of a ring electrode mesa (REM) structure is not. A pos-
sible application of MEMS AT-cut resonators would be as
the reference oscillator in miniature atomic clocks and nan-
oresonator development programs. 

FIG. 1:  Position vectors xi, yi and zi of a material point 
at the respective initial, intermediate and final states.

 II. Piezoelectric Lagrangean Equations 
for the Frequency-Temperature Behavior 

of Quartz Resonators. 
We state the linear Lagrangean piezoelectric equations

of small vibrations superposed on thermal deformations
induced by steady, uniform temperature change in quartz
which are based upon the three-dimensional mechanical
equations of incremental motion superposed on homoge-
neous thermal strains[3]. The full details of the develop-
ment of the incremental equations is not repeated here, and
the interested reader is referred to reference[3]. The formu-
lation is similar to those, for example, by Sinha and Tier-
sten[4], and Dulmet and Bourquin[5], but we prefer to use
the Piola-Kirchhoff stress tensor of the second kind for rea-
sons of symmetry. Figure 1 shows the three states of the
resonator. The following incremental Lagrangean equa-
tions which includes the piezoelectric effect are as follows:

IIa. Strain-displacement, and electric field-potential 
relations. 

, and (1)

, where (2)

 and (3)

. (4)

The terms , uk,i, Ei and  are, respectively, the
incremental strains, the first partial derivative of
incremental displacement, incremental electric field and

incremental electric potential. , , denote the
Kronecker delta and nth order temperature coefficients of
thermal expansion, respectively. T and To are the
temperatures of the intermediate state and initial (natural)
state, respectively, and  is the temperature change. The

reference temperature To is set to 25o C. 

IIb. Equations of motion and electrostatics.

 in V, and (5)

 in V, (6)

where  is the incremental stress tensor,  the mass

density,  the incremental mechanical displacement and

 the incremental electric displacement vector. 

IIc. Initial and boundary conditions. 

A unique solution is guaranteed by specifying
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, and by specifying at all times one member of each
of the following products on the crystal surface:

 where  is the com-

ponent of the surface traction vector,  is the sur-

face charge density and  is the unit outward normal to
the surface. 

IId. Constitutive relations.

, (7)
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where  is the elastic stiffness tensor measured at

constant electric field and temperature,  are the nth

order thermoelastic constants,  is the piezoelectric
stress constants tensor measured at constant strain and

temperature,  are the nth temperature coefficient of

piezoelectric stress constants,  is the dielectric
permittivity constants tensor measured at constant strain

and temperature and  are the nth temperature
coefficient of dielectric permittivity constants. 

 III. Comparison of measured data[6] with 
3-D FEM results using the Lagrangian 
formulation for frequency-temperature 

behavior.
The accuracy of the Lagrangian formulation and the

material constants of quartz is demonstrated by comparing
some 3-D FEM results with those of measured data by
Sekimoto and his co-workers[6]. Figures 2a, 2b and 2c
show the comparison of some resonant modes measured in
reference 6 with the 3-D FEM results. The figures and
FEM results were made by T. Imai and M. Tanaka of Seiko
Epson. The comparisons are quite good. We employ the
Lagrangian formulation for our analysis of the MEMS res-
onators. 

 IV. Frequency-temperature behavior of 
MEMS AT-cut quartz resonators.

For our present analysis of the MEMS AT-cut quartz
resonators, we employ a straight-crested wave model and
2-D finite elements[2]. The immediate advantage of this 2-
D modeling rather than 3-D is the problem size. We could
still get salient characteristics of the MEMS resonators
from the 2-D models because of the straight crested wave
form of the fundamental thickness shear mode in rectangu-
lar plates[2]. 

IVa. Fundamental thickness shear mode shapes. 

Figure 3a shows a representative rectangular ring elec-

trode mesa resonator, while fig. 3b is the 2-D cross sec-
tional view which is modeled using 2-D finite elements.
The dimensions shown are for a nominal 1 GHz resonator.
Figure 4 is the mode shape of its fundamental thickness
shear mode. 

 

FIG. 2:  For figures 2a, 2b, and 2c: Comparison of 
measured data[6] with 3-D FEM results (measured 
data are purple discrete points). 
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Comparison of 3-D fem frequency-temperature curve 
with Sekimoto's experimental data

(mode j=1.075MHz)
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Comparison of 3-D fem frequency-temperature curve 
with Sekimoto's experimental data

(mode k=1.080MHz)
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Comparison of 3-D fem frequency-temperature 
curve with Sekimoto's experimental data

(mode l=1.105MHz)
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FIG. 3:  Representative rectangular ring electrode mesa 
resonator (Fig.3a) and its 2-D straight-crested wave 
model for 2-D finite elements (Fig.3b).

FIG. 4:  Mode shape of the fundamental thickness shear 
mode in the REM resonator. 

The REM resonator is compared with a usual mesa
resonator shown below in Fig.5a along with the nominal
dimensions for a 1 GHz resonator. Figure 5b is the mode
shape of the fundamental thickness shear mode. 

FIG. 5:  2-D model of a representative rectangular mesa 
resonator (Fig.5a) and its fundamental thickness shear 
mode shape (Fig.5b).

We note that the operating fundamental thickness
shear mode shapes of the two resonators, REM and simple
mesa, are essentially the same, however the electrode in
the REM resonator is placed in the relatively inactive area
of the energy trapped region at the center of the plate,
hence noise and aging contributions due to electrodes
should be less than those in the simple mesa resonator. The
electrode of the REM resonator contributes less mass load-
ing and hence higher frequency than the simple mesa reso-
nator. 

IVb. Use of frequency spectrum to select dimensions 
for high Q and “clean mode” resonator. 

The frequency spectrum is defined in this paper as a
graph of the resonant frequencies as a function of a vari-
able of interest. Typically the variable could be the length
to thickness ratio of the mesa, the length of the electrode,
or the thickness/mass of the electrodes. We could use the



frequency spectrum to identify dimensional regions where
high Q and “clean mode” can be obtained. The “clean
mode” resonator will have no interference from spurious
modes which will cause activity dips and adversely affect
its frequency-temperature behavior. Figures 6a, 6b, 6c, and
6d show a series of graphs of the frequency spectrum of the
REM resonator as a function the resonator length to thick-
ness ratio with useful criteria for identifying the fundamen-
tal thickness shear mode from the “sea” of resonant modes
in Fig.6a. In Fig. 6b, since the thickness shear mode has a
large u1 magnitude, modes with this characteristic are iden-
tified in blue deltas. In Fig. 6c, since the thickness shear
mode has high energy trapping, modes with this character-
istic are identified in red squares. Finally in Fig. 6d, since
the thickness shear mode has a high surface charge, modes
with low surface charges are removed. We can then see
clearly that the mode of interest - fundamental thickness
shear mode- is the curve identified with red squares near
the bottom of the frequency spectrum.

Fig. 6a

Fig. 6b

 Fig. 6c

Fig. 6d.

FIG. 6:  Frequency spectra of the REM resonator as a 
function of the resonator length to thickness ratio. 

IVc. Frequency-temperature behavior of REM 
resonator versus simple mesa resonator. 

We demonstrate the differences in the frequency-tem-
perature behavior of REM resonator versus simple mesa
resonator in a series of graphs below. In figures 7a, 7b, and
7c, the effects of different thicknesses of electrodes on,
respectively, frequency-temperature behavior in parts per
million, frequency-temperature behavior in hertz, and rela-
tive admittance of the resonator if the magnitude of the
electric potential at the electrodes are constant are demon-
strated. In Fig. 7b we observe the simple mesa resonator
frequency is affected more strongly by the electrode thick-
ness. In Fig. 7c, we see that the admittance of the REM res-
onator is about an order of magnitude lower than the
simple mesa resonator. In Fig. 8, the effects of changing
the AT-cut angle on the frequency-temperature is shown,
and we observe the effects are the same for both REM and
simple mesa resonators. 



FIG. 7:  Effects of the change in electrode thickness on 
(Fig. 7a) frequency-temperature behavior in ppm, (Fig. 
7b) frequency-temperature behavior in hertz, and (Fig. 
7c) relative admittance if the electric potential at the 
electrode is held constant. 

FIG. 8:  Effect of changing the AT-cut angles on the 
frequency-temperature behavior. 

 V. Summary of Analysis
1. Decreasing the length to thickness ratio causes the fre-

quency-temperature curves to behave as if the AT-cut
angles are larger.

2. Increasing the electrode thickness causes the frequency-tem-
perature curves to behave as if the cut angles are larger.

3. The REM resonator can achieve higher (10%) resonant fre-
quencies than the simple mesa resonator. The simple mesa
resonator is more sensitive to changes in electrode thickness.

4. The REM resonator has an admittance which is more than an
order of magnitude less than that of a simple mesa resonator. 
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